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SYMMETRIC IDENTITIES FOR EULER POLYNOMIALS 



YONG ZHANG, ZHI-WEI SUN AND HAO PAN 



Abstract. In this paper we establish two symmetric identities on sums of prod- 
ucts of Eulcr polynomials. 



1. Introduction 
The Bernoulh numbers Bq, Bi, B2, . . . are rational numbers given by 

Bo = l, and Y^^i^^ jBk = for n = 1, 2, 3, ... . 

The Euler numbers Eq, Ei, E2, . . . are integers determined by 

Eo = 1, and ^ (j^ Ek = for n = 1, 2, 3, ... . 

fc=0 ^ ^ 
2\n-k 

Let N = {0, 1, 2, . . .}. The Bernoulli polynomials Bn{x) {n G N) and the Euler 
polynomials En{x) {n G N) are defined by 

k=0 ^ ^ fc=0 ^ ^ ^ ^ 

It is well known that 

A(S„(x)) = nx"-^ and A*(E„(a;)) = 2a;" 

for all G N, where we set 

A(P(x)) = P{x + 1) - P{x) and A*(P(x)) = P(a; + 1) + P{x) 

for any polynomial P{x). Bernoulli and Euler numbers and polynomials play 
important roles in many fields including number theory and combinatorics. 

In 2006 Z. W. Sun and H. Pan [6] established the following theorem which unifies 
many curious identities concerning Bernoulli and Euler numbers and polynomials. 
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Theorem 1.1 (Sun and Pan, 2006). Letn be a positive integer and let x+y+z = 1. 

(i) Ifr, s, t are complex numbers with r + s + t = n, then we have the symmetric 
relation 





's t 
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n 


Z X 



= 



where 

(ii) Ifr + s + t = n — 1, then 

5g(-i)'C)(„-L>'(^)^-'-'W 

k=0 \ / \ / 

-(-irt(-ifQ(„!,)i'.(y)K-.W. 

fc=0 \ / \ / 

Recently, by a sophisticated apphcation of the generating function method, A. 
M. Fu, H. Pan and F. Zhang [2] extended Theorem 1.1 (i) of Sun and Pan to an 
identity on sums of products of m > 2 Bernoulh polynomials. 

In this paper we obtain a general identity only involving Euler polynomials and 
also give an extension of Theorem 1.1 (ii) which involves both Bernoulli and Euler 
polynomials. 

Theorem 1.2. Let m and n be positive integers, and let ro,ri, . . . ,rm be complex 
numbers with ro + ri + ■ ■ ■ + = n — 1 . 

(i) If m is odd, then we have the symmetric relation 

/ \ 

fci,-,A;m>0 j=l ^ 
A;i + ---+fcm=n 

=-E(-i)^ E n {'i)Ek,{x,-x,^\,^,^ (1.1) 

i=l fci,...,/c„>0 ^ l<;<m ^ 

fciH \-km=n j^i 

where lj>j takes 1 or according as j > i or not. 
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(ii) Ifm is even, then 



m 



1 E n(i:)^.(^. 

fcl,--,fcm>0 j = l 



fciH |~fcm=n— 1 



E(-ir E n (^')^fc.(^.-^. + i.>.)- (1-2) 



i=l A;i,...,fcm>0 l<i<"i 
fciH |-fcm=n. jV« 



Remark 1.1. If r + s + t = n — 1, then (11.21) in the case m = 2 gives 



^|:(:)^^(i-^)(„_:_,)^..- 



n — k 



En-kix - (1 - y) + 1) 



- (-1)" ! J i?n-.(l - X - Q 



fc=0 

n 



! — n V / 



fc=0 

which is equivalent to the identity of Sun and Pan in Theorem l.l(ii) since Ek{l — 

x) = (-l)'=Efc(x). 

Our proof of Theorem 11.21 given in the next section involves the difference op- 
erator A and its companion operator A*. We can also show Theorem 11.21 via the 
generating function approach. 

Let k be any nonnegative integer. It is well known that Bk = if k is odd and 
greater than one. By [U pp. 804-808], 

Bk = {2'-" - l)Bk and Ek{x) = ^ (^Bk+i{x) - (| 
Thus 

{-lfEk{l) = Ek{0) = 2(1 - 2'+')^. 

k + 1 

In view of these, Theorem 11.21 in the case Xi = ■ ■ ■ = Xm = 1/2 yields the following 
consequence involving Euler numbers and Bernoulli numbers. 

Corollary 1.1. Let m and n he positive integers, and let rQ,ri, . . . ,rm be complex 
numbers with rQ + ri + ■ ■ ■ + r^ = n — 1. 
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(i) If m is odd, then 



m 



■1)" ^ n ;/,)^- 

fciH \-kjn=n 



j=l fci,...,fcm>0 ^ i<;<m ^ ■'^ 

fciH \-km.=n jj^i 

where Bk = 2^(2'' - l)Bk/k for k = 1,2,3, .. .. 
(ii) If m is even, then 

fcl,---,fcm>0 j = l ^ 

fclH \-km,=n—\ 

i=l fci,...,fcm>0 ^ *^ l<j<m ^ 

felH \-km=n j^i 

2. Proof of Theorem 11.21 

As usual we let C denote the field of complex numbers. By [U Lemma 3.1], for 
P{x),Q{x) e C[x], we have P{x) = Q{x) if A*(P(x)) = A*{Q{x)). This property 
will play a central role in our proof of Theorem 11.21 

Lemma 2.1. Let Pi{x), ■ ■ ■ ,Pm{x) e C[x]. Then 

Ki<.m Ki^f" 

' A*(Pi(x) ■ ■ ■ P^(x)) - A*(Pi(x))P2(a: + 1) ■ ■ ■ P^{x + 1) tf2\m, 
A*{Pi{x) ■ ■ ■ Pm{x)) - A{Pi{x))P2{x + 1) ■ ■ ■ Pm{x + 1) if2\m. 

Proof. Observe that 

(-irA*(p.(x)) n PA^+h<^) 

l<i<.m l<J<w 

=(-1)' n ^.(^)-(-ir^' n ^.(^+1)- 

l<j<m Kj<m 
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Therefore 

l<i<m Kif;'" 

=Pi(x)---P„(a;) + (-irPi(x) n 

l<j<m 

=A*(Pi(a;)---P™(x))-(Pi(a; + l) + (-ir-^Pi(a;)) J] ^:;(^)- 

l<j<m 

This proves the desired identity. 

Lemma 2.2. Lei ao, a^, ai,ai . . . , a„, a„ fee complex numbers, and set 
for k = 0, . . . ,n. Let ro + ri + ■ ■ ■ + = n — 1. T/ien 



E (i:)(--)"nO^' 

A:i,...,fc^>0 ^ i=2 ^ 

fciH \-km=n 



fciH \-km=n 

Also, for any i = 2, . . . ,m we have 



■ ■,km>0 ^ ^ 2<j<m ^ ■'^ 



ki,...,km>0 ^ ^ ^ ^ 'i<i<m 

fciH \-km=n j^i 



Proof. By Remark 1.1 of Sun [5], 

+ = E and Ak{x + y) = (^j) Mv) 
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for every k = 0, . . . ,n. Observe that 

ik,{Xj - Xi) 



fei,...,fc„>0 ^ j=2 
fciH \-km=n 



U,[Xj, 



E (i:)(-.)"n(i':)EG')(-')""^^' 

fci,...,fc„>0 ^ j=2 ^ ■'^ /j=0 ^ ■''^ 

fciH ykm=n 

- E (-.)'■ n(?>.fe) E (:)n(I'::!'> 

/i,...,«„>0 j=2 ^ J'' fci>0, fcj>ij (l<j<m) ^ i=2 ^ ■'^ 
h-\ Vlm=n fciH hfcm=n 

Given /i, . . . , G N with Zi + ■ ■ ■ + = ra, by the Chu-Vandermonde convolution 
identity (cf. P (5.22)]), we have 



ki>0,kj>lj (l<i<m) ^ ^ i=2 ^ J 



fciH l-km=n 



ro + {r2-l2)-\ h (r„ - /„)^ _ - 1 - rl^^ _ (_^y, ( n 



n — 12 — ■ ■ ■ — Im J \ h J \li 

So ([21]) follows. 

(12. 2p can be proved similarly. Let S denote the left-hand side of fl2.2p . Then 

E (:)eG:)(---'"-''-^''(--' (I;) 

fciH \-km=n 



«i,.--,«m>0 ^ i<;<m ^ 

iiH \-lm=n ji^i 

^ \ki-kj\hj J- J- 

kj>lj(l<j<m & jVi) ^ V \ V i<j<m ^ ^ 

fej>0, fciH hkm=n j¥=i 

E (a:.-xi)'Y'°)A,(-x,) n ('')4(^.-^.)x(-i)'^(7 



h,...,lm>0 ^ ' l<j<m 

h-\ Hm=n jj^i 



This concludes the proof. □ 
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Remark 2.1. If we set ai = (— 1)^5; and ai = (— l)'-Ei(O) for / = 0, . . . , n in Lemma 
2.2, then Ak{t) = Bk{t) and Ak{t) = Ek{t) for any /c = 0, . . . , n. 



Proof of Theorem MM We fix ^2, ... , x^- 
(i) Suppose that m is odd. Set 

^(^i) = E - n (fc )^^^(^^- - ^1 + 

fci,...,fe™^0 ^ i=2 ^ 

feiH hfcm=n' 

Applying Lemma [2. we get 
A-(P(x,)) 



E(-i)' E (r)i=^.(i--.)(;-)2(-.--o'- n (I'V' 

i=2 A:i,...,fc„>0 ^ ^ 2<j<m ^ ■''^ 

fciH l-fem=n 

E (i:)2(-.)'-n(;;)^.(^,-o. 



fci,...,fc„^0 ^ ^ j=2 

feiH [-fem=n 



With the help of Lemma 12. 2[ we have 
A*(P(xi)) 



j=2 fci,...,fc™,^0 ^ ^ ^ ^ 2<j<m 

fclH l-fcm=n 



fclH |-fcm='T. 

It follows that A*(P(xi)) = A*(Q(xi)), where 

l<i<m fci,...,fcm>0 ^ *^ l<J<m ^ ■'^ 

fclH \-km=n j^i 

fcl,--,fcm>0 i = l ^ ■'^ 

fci + ---+fcm=n 

Therefore = Q{xi) by [U Lemma 3.1]. This proves (11. ip . 
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(ii) Now assume that m is even. Define 

fci,...,fc™^0 ^ 3=2 ^ 

fciH \-km=n 

For /ci = 0, 1, 2, . . ., clearly 



(As usual (j^-^) is regarded as 0.) Thus, by Lemma [2TT] we have 
A*(P(x,)) 



2E(-ir E (k)«'.(i--')(IO'^--^'''" n (fc'V- 

i=2 fci,...,fc™>0 ^ ^ ^ *^ l<j<m ^ ■'^ 

fciH \-km='n, j^i 



fci,...,fc„i>o i<i<™ 

fciH |-A:m=n— 1 



With the help of Lemma I2.2[ 
A*(P(xi)) 



i=2 ki,...,km>0 ^ ^ l<j<m ^ ^ 

fciH |-fcm=n jT^j 

E (!'>•!■ n 



fcl,...,fcm>0 ^ ^ l<j<m 
fclH \-km=n—l 

So we have A*(P(xi)) = A*((5(xi)), where 



Q(-i)=E(-ir E n dO^' 

i=2 fci,...,fc„>0 ^ l<;<m ^ 

fclH l-fcm = ". j^i 

m y ^ 

-'i E n6>'.(-.)- 



fciH \-km=n—l 



Therefore, P{xi) coincides with Q{xi) by [H Lemma 3.1]. So ( IL2p holds. This 
concludes the proof. □ 



Acknowledgment. We thank the two referees for their helpful comments. 



SYMMETRIC IDENTITIES FOR EULER POLYNOMIALS 



9 



References 

[1] Abramowitz, M., Stegun, LA. (eds.): Handbook of Mathematical Functions. Dover Publica- 
tions, New York (1972) 

[2] Fu, A.M., Pan, H., Zhang, I.F.: Symmetric identities on Bernoulli polynomials. J. Number 

Theory 129, 2696-2701 (2009) 
[3] Graham, R.L., Knuth, D.E., Patashnik, O.: Concrete Mathematics, 2nd ed., Addison- 

Wesley, New York (1994) 
[4] Pan, H., Sun, Z.W.: New identities involving Bernoulli and Euler polynomials. J. Combin. 

Theory Ser. A 113, 156-175 (2006) 
[5] Sun, Z.W.: Combinatorial identities in dual sequences. European J. Combin. 24. 709-718 

(2003) 

[6] Sun, Z.W., Pan, H.: Identities concerning Bernoulli and Euler polynomials. Acta Arith. 125, 
21-39 (2006) 



Department of Mathematics, Nanjing University, Nanjing 210093, People's Re- 
public OF China 

E-mail addresses: yongzhajigl982Q163 . com, zwsun@nju.edu.cn, haopan79@yahoo.coin.cn 



